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170. 


ON SCHELLBACH’S SOLUTION OF MALFATTIS PROBLEM. 


[From the Quarterly Mathematical Journal, vol. 1. (1857), pp. 222—226.] 


THE following elegant solution of Malfatti's Problem as applied to spherical triangles 
is given by Dr Schellbach (Crelle, t. xv. (1858), p. 186); for the reason which will 
be mentioned I have made a change of notation. 


In a spherical triangle ABC to describe three small circles, each of them touching 
the other two, and also two sides of the triangle. i 


Let the sides of the triangle be a, b, c, and let a, y, z, be the distances of the 
points of contact from the adjacent angles of the triangle. Then writing 


a+b+c=2s, 
a—4s=l1, b—4s=m, c—}s=n, 
whence 
l+m+n= 4s 
and putting also 
$s —a=§, is—y=n, bs—z=6, 


it is easy to obtain 


cosl cosņcos č sinl sinnsing _ 1 
cos $s sin 48 hae? 
cos m cos cos sin m sin {sin é _ 1 
cos $s sin $s Aaa 
cosn cosEcosm sinn sin Esin y 1 
Se Ao oe oe Ee Ee ee be 


cos $s sin 4s 


from which equations the unknown quantities £, », ¢, are to be determined. And the 
equations may be solved without assuming the existence of the relation 1+m+n=}s. 
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To solve the equations, let the subsidiary angles ^, u, v, be determined by the 
conditions 
COS À COS M COS N sin Asin msinn | 
cos 4s sin $s st 
cos u cosn cos}  sinwsinnsin/ ji 
cos $s sin 4s T 


cos v cos lcosm sin vsin lsin m =] 
cos $8 sin $s f 


then it may be shown that 
cos $(s —rA +1) 


_ cos$(s+r— į) ‘i 
ihe te) Maer ie tol”) cos 
cos $ (s + u — m) cos $ (s— u +m) 

cet a em) O ET 


Vici che cos $ (u -+ m) 
| cos (E +n) = SERMET p) fires , cos (E-n) = mek a A ZEN 
If we write l 
tan ¢ = tan m tan n cot $s, 
tan y = tann tan l cot 4s, 
tany = tan l tan m cot $s, 


then 
cos $s cos 
cos (A — ġ) = wind Nai , 
cos M cos n 


cos $8 cos x 


cós (p = x) = cos n cos} ’ 


cos $s cos 
soph en tae 


equations which give the values of à, m, v, from which £, n, ¢ are determined as above. 


If we suppose that the sides become indefinitely small, we have the case of a 


plane triangle, and the equations then are 
| 4l 
Prot — f= IESP, 
4m 
+ + —— CF = 48" — m’, 
4n 
P+ + — En = 48 — n’. 


We have here 
| (n+ CP =} {((s+r-—lP—(A+-1)} =(48 +) ($s—)), 
(n— SP =} ((s—A+1P—-(A4+]} =($8—d) (458 +1), 
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and consequently 
n+ C=439-—2r1, nf =s(rA-l), 


where if 
p= gab +p- mt — nt 
i.e. 
_ 2mn IER n J+ paas an 
= | Efe aa 
Hence 


nt + Ct at — Na do at Oa 


n= 2mn — sl + 4 Vs? — 4m? V8? — Are, 


st 


4+ Pats -7 Vs? — 4n? V's? — 40, 
CE = 2nl— sm +4 VS- 4n? Vs? Al, 


B+ qt aye T INVA IENE, 


En =2lm — sn +4 Vs? — 422 Vs? — 4m’, 


which is in fact at once deducible from the formule in my paper “On a System of 
Equations connected with Malfatti’s Problem and on another Algebraical System,” 
(Camb. and Dubl. Math. Journ. t. 1v. (1849), p.. 270 [79]). 


Write now for l, m, n, E, n, & their values in terms of a, b, c, æ, y, z We have 


(48 — y} + ($8 — 2? — (4s — a) ($s — y) (48 — 2) = 48° — ($8 — a)’, 
i.e. 
+e- Ê(}s-a)ye—2a(y +2) + =0, 
or reducing 
(y+z2-ayP—4 (1 -*) yz =0, 


and we have thus the system 
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which are given by Schellbach in the same volume, p. 29; and it was for the sake 
of facilitating the comparison that the notation has been altered in the case of the 
spherical triangle. To solve the system, Schellbach writes 


a=ssin’¢, b=ssin*?y, c=ssin*y, 
reducing the equations to 
yt+2+2Vyz cos p = s sin? ¢, 


z+a+2Vzx cos y = s sin? y, 
æ+ y + 2 Vay cos y= s sin? y, 


whence, putting 
p+xyt+ty=?2F, 


the equations are satisfied by 
z=ssin?(o—¢), y=ssin? (o — y), z=ssin? (s — 4), 


which leads to a simple geometrical construction. And if we substitute for $, y, Y, ø, 
their values, it is easy to obtain 


he, WNP D\ify Te 
f -sf -y (0-9 0-4) (0-9) 
Peas) EAEE ee ya rD N 
V sVs Vs sVsVs s‘V s sj 
EETA PK, 
y -rfi-y -90-5 (1-9) 
— af (1-8) VENEN- -EN 
8 sVs sVsVs sVsVs 
focal 13 yeni be 
sufi H0-9 
ENNAN ENAN NE 
=f SESW) ie iiy s|’ 
LPA P fan EEN T PR. 
yen tfy/1-24/1-- aHa evi 
P TAE AEn ENIN j 
s s s sV sj 
x iS ,/1-° D1 WENE 
symte{y/1—~$4/ 1-5 4/124 s sj 
values which are also at once obtained from the formula in my paper above referred 
to. It may be remarked that the above equations for the determination of æ, y, z 
(the distances of the points of contact from the adjacent angles of the triangle) are 


very similar in form to those given in the same paper for the determination of 
X, Y, Z, the radii of the inscribed circles. 
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